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Conformal invariance powerfully constrains the critical behavior of two-dimensional classical systems with
short-range interactions and the critical theories in two-dimensions are parametrized by a dimensional number,
termed central charge or conformal anomaly c. However, experimental determination of the central charge of a
conformal field theory has not been done before. Here we propose to extract the central charge of the conformal
field theory corresponding to a critical point of a two-dimensional lattice models from the quantum decoherence
measurement of a probe spin which is coupled to the two-dimensional lattice models. Conformal invariance
predicts that the leading finite-size correction to the free energy for a two-dimensional system at a conformal
invariant critical point is linearly related to the conformal anomaly for various boundary conditions. A recent
discovery of thermodynamic holography allows us to obtain the free energy of many-body system from central
spin decoherence measurement. Thus the central charge of the conformal field theory could be extracted from
central spin decoherence measurement. We have applied the method to the two-dimensional Ising model and
extracted the central charge of two-dimensional Ising model with good precision. This work provides a useful
approach to extracting the central charge of conformal field theory in various two-dimensional lattice systems.
PACS numbers: 64.60.Bd, 64.60.De, 05.50.+q, 03.65.Yz
Introduction.- Scale invariance is one of the most intriguing
features of critical points of phase transitions in statistical me-
chanics [1, 2]. Local scale invariance, i.e., conformal invari-
ance, at a critical point have been demonstrated to be remark-
ably powerful, especially in two dimensions [3, 4]. In two
dimensions the group of conformal transformations is excep-
tionally large (infinite dimension) because any analytic func-
tion mapping the complex plane to itself is conformal. Uni-
versality classes of critical phenomena in two-dimensions is
characterized by a single dimensionless number c, the confor-
mal anomaly or the value of the central charge of the Virasoro
algebra [5]. lt was demonstrated that [6] unitarity constrains
the values of c < 1 to be quantized, c = 1− 6/[m(m+ 1)] with
m = 3, 4, 5, · · · . For such theories, the critical exponents are
given by the Kac formula [7].
Universality classes of critical phenomena in two-
dimensions are classified by the central charge c of corre-
sponding conformal field theory [4]. However, how to experi-
mentally extract the central charge of the conformal field the-
ory corresponding to a critical point of a two-dimensional lat-
tice models has not been known before. Conformal invariance
has been used to study finite-size effects in two-dimensional
statistical systems [8, 9] and it was found that leading finite-
size correction to the free energy for a two-dimensional sys-
tem at a conformal invariant critical point is linearly related to
the conformal anomaly for various boundary conditions [8, 9].
Thus experimental measurement of the free energy of a two-
dimensional many-body system shall tell us the central charge
of the conformal field theory. A recent discovery of thermo-
dynamic holography by the author and its collaborators allows
us to obtain the free energy of many-body system from central
spin decoherence measurement [12]. Therefore we propose to
extract the central charge of the conformal field theory corre-
sponding to a critical point of a two-dimensional lattice mod-
els from the quantum decoherence measurement of a probe
spin which is coupled to the two-dimensional lattice models.
Universal Term of the Free Energy at Critical Point in Two-
Dimensions.- According to renormalization group theory, a
many-body system at critical point is governed by a reduced
fixed-point Hamiltonian H∗ [2]. Under a uniform rescaling of
the lengthes, the form of the Hamiltonian is invariant. For sys-
tems with short-range interactions, the Hamiltonian remains at
the fixed point under conformal transformations, which corre-
sponds to a non-uniform scaling of the lengthes and rotation.
Transformations with a shear component (non-conformal) in-
deed modify the Hamiltonian. The response of H to such
an infinitesimal (non-conformal) transformation of the form
rµ → rµ + αµ(r),
δH = − 1
2pi
∫
d2zTµν∂µαν. (1)
This equation defines the stress tensor Tµν. Under a general
conformal transformation z → z′, the stress tensor transforms
T → T ′ according to
T (z) = T ′(z′)
(dz′
dz
)2
+
c
12
{z′, z}, (2)
where {z′, z} is the Schwarzian derivative of the transformation
and defined by
{z′, z} = d
3z′/dz3
dz′/dz
− 3
2
(d2z′/dz2
dz′/dz
)2
. (3)
Let us consider the logarithm transformation, z′ = w(z) =
L
2pi ln z. Under this transformation, the infinite complex plane
parametrized by z is transformed into the infinitely long strip
of finite width L with periodic boundary condition (Figure 1).
Due to the rotational invariance of the infinite complex plane
geometry, we can assume that 〈T 〉z = 0. As a consequence of
Equation (2), one has
〈T ′〉w =
(2pi
L
)2 c
24
. (4)
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FIG. 1. (color online). Logarithmic transformation in two-
dimensions, w(z) = u + iv = L2pi ln z. which transforms the whole
complex plane parametrized by z into an infinitely long strip of fi-
nite width L with a periodic boundary condition parametrized by
w = u + iv.
An infinitesimal deformation (which may not be conformal)
of a domain D induces a corresponding change of the free
energy by [10]
δ lnZ +
∫
D
d2z
2pi
〈Tµν〉∂µαν = 0. (5)
where 〈Tµν〉 is the expectation value of the stress tensor and
the integral extends over the domain D. Applying this to
a transverse dilatation of the infinitely long strip δ<z =
<z, δ=z = 0, one have the free energy in a L × L′ two-
dimensional lattice [8, 9]
f = − lim
L→∞
lnZLL′
LL′
= A − pic
6L′2
. (6)
Here the first term depends on the area and is non-universal.
However the second term is universal and depends only on the
central charge or conformal anomaly c. Equation (6) provides
a direct access to the determination of central charge c using
finite-size scaling methods of the free energy at the critical
point of a two-dimensional system with short-range interac-
tions.
For rectangular lattices with periodic boundary conditions,
the corrections of free energy to the strip geometry is [11]
F = − lnZLL′ = AS − pic6
(
x +
1
x
)
+ o(x2). (7)
Here S = L × L′ is the area of the rectangular domain and
x ≡ L/L′ is the aspect ratio of the two edges. As x → 0
or ∞, Equation (7) extends to Equation (6). Now for system
with c > 0, if the area is fixed and the shape varied, the ap-
proximate F is maximal for a square (x = 1). Thus there is
a thermodynamic driving force for elongation of the domain
and may be understood due to an attraction of the walls of the
rectangle with a force per unit length inversely proportional to
the square of their separation. From this perspective, the ten-
dency to elongation should be a general geometric effect, not
limited to domains of rectangular shape. To test these effects,
experimental measurement of the free energy of a many-body
system is desirable.
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FIG. 2. (color online). Quantum decoherence of the probe spin
which is coupled to the two-dimensional Ising model at inverse tem-
perature β = βc and magnetic field h = 0.1J as a function of time
for different sizes of rectangle. The red solid dot is the real part of
the coherence 〈S x(t)〉 and the blue circle is the imaginary part of the
coherence 〈S y(t)〉. (a). Spin decoherence for 6 × 50 rectangular lat-
tices. (b). Spin decoherence for 7 × 50 rectangular lattices. (c). Spin
decoherence for 8 × 50 rectangular lattices. (d). Spin decoherence
for 9 × 50 rectangular lattices. (e). Spin decoherence for 10 × 50
rectangular lattices.
Free Energy and Central Spin Decoherence.- To access the
central charge of the conformal field theory, the key is to de-
vise a free energy measurement in a many-body systems. Pre-
vious studies shows that the central spin decoherence and free
energy are deeply connected [12–17], which we briefly ex-
plain below. Let us consider a general many-body system with
Hamiltonian
H(λ) = H0 + λH1. (8)
where H0 and H1 are two competing Hamiltonian and λ
is a control parameter. We use a probe spin-1/2 coupled
to the many-body system (bath), with probe-bath interac-
tion HI = −ηS z ⊗ H1 and η being a coupling constant and
S z ≡ (| ↑〉〈↑ | − | ↓〉〈↓ |)/2 being the Pauli matrix of the probe
spin. If we initialize the probe spin in a superposition state as
(| ↑〉 + | ↓〉)/√2 and the bath at inverse temperature β = 1/T
descried by ρ0 = e−βH/Z(β, λ) with Z(β, λ) = Tr[e−βH(λ)] be-
ing the partition function of the bath. Then the quantum co-
herence of the probe spin, defined as 〈S +(t)〉 ≡ 〈S x〉 + i〈S y〉,
3has an intriguing form as [12, 13]
〈S +(t)〉 = Z(β, λ + itη/β)Z(β, λ) . (9)
The denominator in the above equation is nonzero for real
control parameter λ. The numerator resembles the form of
a partition function but with a complex control parameter
λ + itη/β. Equation(9) establishes the relation between par-
tition function with a complex parameter and the central spin
decoherence, which leads to the first experimental observation
of Lee-Yang zeros [15, 16].
The relation between free energy and the central spin de-
coherence are established by the thermodynamic holography
[14], which states that the partition function of a finite many-
body system is an analytic function of its control parameters
and thus according to Cauchy theorem, the partition function
in the whole complex plane are uniquely determined by its
values along a closed contour in the complex plane of the
physical parameter[14]. Consider a rectangular closed con-
tour where two vertical lines with real parts λ1 and λ2 respec-
tively, and we assume λ1 < λ2 and the two horizontal lines
with real parts extends from λ1 to λ2 and with imaginary parts
being −∞ and ∞, respectively. The contributions from two
horizontal lines vanishes and we then have
Z(β, λ′) =
∫ ∞
−∞
dλI
2pi
Z(λ2 + iλI)
λ2 + iλI − λ′ −
∫ ∞
−∞
dλI
2pi
Z(λ1 + iλI)
λ1 + iλI − λ′ .
(10)
Here λ1 < <λ′ < λ2. Combing with Equation (9), we have
e−βF(λ
′) = e−βF(λ2)
∫ ∞
−∞
dηt
2pi
〈S +(λ2, t)〉
βλ2 + iηt − βλ′
−e−βF(λ1)
∫ ∞
−∞
dηt
2pi
〈S +(λ1, t)〉
βλ1 + iηt − βλ′ . (11)
Here F = −β−1 lnZ is the Helmholtz free energy. 〈S +(λ, t)〉
is the spin coherence at time t for the probe spin which is
coupled to the bath with Hamiltonian H(λ). In the case of
no ambiguity, we suppress the bath parameter λ in 〈S +(λ, t)〉.
Because 〈S +(λ, t)〉∗ = 〈S +(λ,−t)〉, Equation (11) implies that
one can obtain the free energy at parameters λ′ with λ1 <
<λ′ < λ2 by measuring the central spin coherence 〈S +(λ, t)〉
at two bath parameters λ1 and λ2 for t ∈ (0,∞).
If the system has a symmetry such that UH(λ)U† = H(−λ),
this leads to Z(β, λ) = Z(β,−λ). In such a case, we can choose,
λ2 = −λ1 = −λ, then we have
Z(β, λ′)
Z(β, λ)
=
∫ ∞
−∞
d(ηt)
pi
〈S +(λ, t)〉
[
(βλ + iηt)
(βλ + iηt)2 − (βλ′)2
]
.(12)
For classical lattice models, the central spin coherence
〈S +(λ, t)〉 is a periodic function of time with period T , then
Equation (12) can be simplified further into,
Z(β, λ′)
Z(β, λ)
=
∫ T
0
d(ηt)
2pi
〈S +(λ, t)〉
[ sinh(βλ + iηt)
cosh(βλ + iηt) − cosh(βλ′)
]
.
(13)
□
□□
□□
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f(T c)
FIG. 3. (color online). Extracting the central charge of confor-
mal field theory corresponding to the critical point of the two-
dimensional Ising model. The squares denote the free energy recon-
structed from the spin coherence data (Figure 2) by Equation (15).
Equation (13) implies that one can obtain the free energy at
any parameters from central spin coherence data within one
period t ∈ [0,T ). Since the central spin decoherence is di-
rectly experimentally measurable [18–22], we can extract the
central charge of conformal field theory associated to a critical
point in two-dimension from central spin decoherence mea-
surement by combing Equation (13) and Equation (6).
Study of Two-dimensional Ising Model.- To illustrate the
above idea, we study the two-dimensional (2D) Ising model
in a square lattice with N rows and M column with Hamilto-
nian
H = −J
N∑
i=1
M∑
j=1
(σi, jσi+1, j + σi, jσi, j+1) − h
N∑
i=1
M∑
j=1
σi, j.(14)
Here σi, j = ±1 is the spin in the site (i, j) and J is the fer-
romagnetic coupling constant between nearest-neighbor spins
in the lattice and h is the magnetic field experienced by all
the spins and periodic boundary conditions are applied. The
2D Ising model at zero magnetic field h = 0 has been exactly
solved by Onsager in 1944 [23] and there is a finite tempera-
ture phase transition at βc = ln(1 +
√
5)/2 [23, 24]. For 2D
Ising model under a finite magnetic field, there is no exact
solution available but one can map the problem into 1D quan-
tum Ising model with both longitudinal and transverse field by
transfer matrix method [25, 26].
Although the two-dimensional Ising model in a finite mag-
netic field has not been exactly solvable up to now, we can
obtain the partition function of the 2D Ising model at any fi-
nite magnetic field from spin decoherence measurement of the
probe spin which is coupled to the 2D Ising model at zero
magnetic field for time t ∈ (0,T ) from Equation (13).
The 2D Ising critical point occurs at zero magnetic field
[23]. From Equation (13), the free energy at zero magnetic
field is
Z(β, 0)
Z(β, h)
=
∫ T
0
〈S +(h, t)〉
tanh[(βh + iηt)/2]
d(ηt)
2pi
. (15)
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FIG. 4. (color online). Quantum decoherence of the probe spin
which is coupled to the two-dimensional Ising model at inverse tem-
perature β = βc and magnetic field h = 0.1J as a function of time for
different sizes of rectangle with the same area M ×N = 100. The red
solid dot is the real part of the coherence 〈S x(t)〉 and the blue circle
is the imaginary part of the coherence 〈S y(t)〉. (a). Spin decoherence
for 2× 50 rectangular lattices. (b). Spin decoherence for 4 × 25 rect-
angular lattices. (c). Spin decoherence for 5×20 rectangular lattices.
(d). Spin decoherence for 10 × 10 rectangular lattices.
This is the central formula to extract the free energy at the
Ising critical point from the central spin decoherence data
within one period. Z(β, h) is the partition function away from
the critical point and can be obtained from Viral expansion
method [27]. An alternative method to get the partition func-
tion of a finite system away from critical point is the cluster
correlation expansion method [28, 29].
Figure 2 shows the spin coherence of the probe spin which
is coupled to the two-dimensional Ising model at β = βc and
h = 0.1J as a function of time for 2D rectangular lattice of
different sizes 6× 50, 7× 50, 8× 50, 9× 50, 10× 50 in (a)-(e),
respectively. In Figure 2 (a)-(e), the red solid dot shows the
real part of the spin coherence and the blue circle presents the
imaginary part of the spin coherence. These data is used to
obtain the free energy of the two-dimensional Ising model at
zero magnetic field from Equation (15). We uniformly pick
up 394 data points of the spin coherence within one period
ηt = pi/2 and make use of the Simpson-3/8 rule to numerically
reconstruct the free energy at the critical point. The recon-
structed free energy is shown in Figure 3 and labelled by black
squares. From Equation (6), we know that for a square lattice
with M × N spins, if M >> N, then the free energy per spin
is a linear function of 1/N2 with the slop being − pic6 . We then
make a linear fit of the free energy as a function of 1/N2 and
□
□ □ □ □ □
□-3 -2 -1 0 1 2 3-2.3
-2.2
-2.1
ln(M/N)
ln
(f(T c)
)
FIG. 5. (color online). The effect of elongation in a 2D lattice at con-
formal invariant critical point. The vertical axis shows the logarithm
of the free energy at the critical point and the horizontal axis presents
the logarithm of the ratio of the two edges of the rectangle, x ≡ M/N.
All the data points have the same area M×N. The squares denote the
free energy reconstructed from the spin coherence data (Figure 4) by
Equation (15).
found that the slop is−0.2636±0.0013. From Equation (6), we
know that the central charge c = 0.2636×6/pi ≈ 0.503±0.003.
Thus the estimated central charge agrees with the exact solu-
tion c = 1/2 perfectly.
We further test the effect of elongation in conformal field
theory corresponding to the two-dimensional critical point.
Figure 4 shows the spin coherence of the probe spin which
is coupled to the 2D Ising model at β = βc and h = 0.1J as a
function of time for 2D rectangular lattices with the same area,
being 2 × 50, 4 × 25, 5 × 20, 10 × 10 in (a)-(d), respectively.
In Figure 4 (a)-(d), the red solid dot shows the real part of the
spin coherence and the blue circle presents the imaginary part
of the spin coherence. We then make use of these data to con-
struct the free energy of 2D Ising model at zero magnetic field
from Equation (15). We uniformly pick up 394 data points
of the spin coherence within one period and make use of the
Simpson-3/8 rule to numerically reconstruct the free energy at
the critical point. The reconstructed free energy is shown in
Figure 5 and labelled by squares. We show the logarithm of
the free energy at the critical point as a function of the loga-
rithm of the ratio of two edges of the rectangular lattice. First,
one can see that the free energy is invariant under the modu-
lar transformation, interchanging of M and N, i.e. x ↔ 1/x.
Second, the free energy of a 2D domain with a fixed area is
maximum for square x = 1 and decreases as x becomes larger
or smaller. This means there is a thermodynamic driving force
for elongation of the a rectangular domain.
In summary, we show that the central charge of the con-
formal field theory corresponding to a critical point of a two-
dimensional lattice models can be extracted from the quan-
tum decoherence measurement of a probe spin which is cou-
pled to the two-dimensional lattice models. Measuring the
quantum coherence of a single probe spin provides a new ap-
5proach to studying the universality of two-dimensional inter-
acting many-body systems.
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